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Abstract

The worst-case terminal objective value of gradient descent under a prescribed step sched-
ule can depend on the ambient dimension. For every M > 3, a full-dimensional cube of strictly
positive M-step schedules satisfies Wl(M)(h) < WQ(M)(h). The same convex 1-smooth func-
tion on R? has a terminal value above the scalar worst case throughout all these cubes. We
also give a single infinite positive schedule for which this function gives a dimension gap at
every finite prefix of at least three steps. The proof combines an exact three-step gap with a
trajectory stability estimate that is uniform in dimension.

1 Prescribed schedules

Let F; be the class of differentiable convex functions f : R? — R whose gradients are 1-Lipschitz
and whose sets of minimizers are nonempty. Given a schedule h = (hi,...,hy) € RM gradient
descent takes the steps

r = xp—1 — WV f(zp—1), 1<k<M. (1)

We measure the normalized terminal objective gap by

feFq, wx0¢€ R¢, 2, € argmin f, } @)

WéM)(h):S“p{f(xM)_f(“’*)' l2o — 2 <1, 1,... 221 obey (1)

Embedding an instance in one additional coordinate gives WCEM) (h) < Wéi/[l)(h). We construct

schedules with hy > 0 for every k and Wl(M)(h) < WQ(M)(h).

Performance estimation represents sampled geometry by a positive semidefinite Gram matrix,
whose rank controls the realization dimension [2]. Computational work has optimized variable-
step schedules in the unrestricted formulation [3], and exact worst-case values are known for
particular three-step schedules [4]. Luner and Grimmer report a numerical dimension effect
for an extrapolated output after seven unit steps [5]. The results below concern the ordinary
terminal iterate, positive prescribed schedules, and the extension of one certified three-step gap
to every later horizon.

2 The three-step construction

The companion paper Three-step dimension gaps for gradient descent [1] proves the three-step
gap used below by exact scalar enumeration and an explicit planar interpolating function. We



recall the function and estimates needed here. The rational center schedule is

o= (5100100 ) (3)
57100" 100

The companion paper constructs an explicit convex function f°: R? — R with a 1-Lipschitz
gradient as the Fenchel conjugate of a maximum of five quadratic functions. The construction
uses smooth-convex interpolation [2] of exact rational data at the schedule a. It also fixes an
initial point z¢g € R? satisfying ||zo| < 1. The function is minimized at the origin with f°(0) = 0.
We use this function and initial point for every horizon and schedule below. For a schedule h of
any length, write

2=, zp =z~ V), Ty(h) = fo() - £2(0), (4)

and write y, = zj for the center iterates.
We use the exact constants

25 828889 93245589 149
U= 602 = 12500000’ G=L-U= 3762500000’ 1= T00° (5)

and the three-step gap in the next proposition. In the companion’s three-step notation, Wy(a) =
W (a).

Proposition 1 (The three-step gap). At the schedule (3),
Wi(a) <U < L= J5(a) < W(a). (6)

Proof. The scalar identity W1(3) (a) = U is proved by exact stationary-point enumeration in the
companion paper. The equality J5(a) = L follows from the center interpolation identities in its
explicit conjugate construction: the gradients of f° at yo,y1,y2 drive the recurrence (1) through
explicit rational points, and f°(y3) = L. The pair (f°, x¢) is an admissible planar instance, so

J2(a) < Wi(a). Finally, the middle inequality is G = L — U > 0 from (5). 0
The constant ¢ enters through the schedule alone: the first and third center steps lie in [0, 2],

while |1 — ag| = g. Section 3 gives the corresponding Lipschitz bounds.

3 Uniform stability with respect to the schedule

For t € R, define
0(t) = max{1, |1 —t|}. (7)

At the center schedule, ¢(a;) = ¢(az) = 1 and £(a2) = q.
Lemma 2 (Update stability). If f € Fg4, then the factor in (7) satisfies

Lip(I =tV f) < () (t € R). (8)
If x, minimizes f, then every trajectory of (1) satisfies

k
lzx, — 2| < llwo — x| TT €Ch0). (9)
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Proof. For uw = x —y and v = Vf(z) — Vf(y), adding the two smooth-convex interpolation
inequalities for z,y gives (u,v) > ||v||* [2, Corollary 1]. Lipschitz continuity gives ||v]| < ||ul|.
For t > 0, expansion gives

lu = to]* < flu|® + (£ - 2¢) [|v]*.

For 0 <t < 2, the second term is nonpositive. For ¢ > 2, using ||v|| < ||u|| bounds the right-hand
side by (t — 1)?||u||®>. For ¢t < 0, the triangle inequality gives ||u — tv|| < (1 — ¢)||u]. Thus in
all three cases ||u — tv|| < £(t) ||u||, which is (8). Apply that inequality successively with y = xy,
noting that V f(z,.) = 0, to obtain (9). O

Fix M > 3, and pad the seed schedule with zeros:
h(M) = (a1,az9,as,0,...,0) e RM, (10)

For a fixed admissible instance, write xz for the iterate under schedule h, and abbreviate h(M)
to h in superscripts.

Lemma 3 (Performance stability). Let 0 < p < 1 and Hh — E(M)H < p. For every normalized

o
admissible instance in every dimension,

F(h) = F@RD| < enlo),  enilp) = Mpla+ p)P(1+ p)?M 2. (11)

Consequently,
WM () = WP ROD) < enr(p) (@2 1), (12)

(M)

Proof. Compare the trajectories of one admissible instance under h and AM) and set e =

Hxﬁ — CE%H Adding and subtracting the update with step hj at the base trajectory gives

er < Uh)er—1 +p | VF(af )] (13)

Since ||V f(x)|| < ||z — x||, Lemma 2 bounds the base gradient in the kth term by [];4 £(h;).
Unrolling (13) therefore gives

em < Plﬁ (H W_lz‘)) (H 5(%‘)) : (14)

=1 \ui<k i>k

At the base schedule, the update factors are 1,¢q,1,...,1. The function ¢ is 1-Lipschitz, so
every summand in (14) contains at most one factor bounded by ¢ + p, while each other factor is
at most 1 + p. Hence

enr < Mp(q+ p)(1+ p)M 2. (15)

Both terminal points lie within R = (¢ + p)(1 + p)»~! of a minimizer. Their joining segment
lies in the same ball, where ||V f|| < R. Integrating the gradient along that segment and using
(15) proves (11).

The estimate holds for every admissible instance before taking a supremum. Applying it in
each direction and taking suprema proves (12), whether or not either supremum is attained. [



4 Positive schedule cubes

For each M > 3, set

(16)

G (M) {ak, 1<k<3,
P = M =

20M° pm/2, 4<k<M.
The second line in (16) is empty when M = 3.

Theorem 4 (Positive schedule cubes). For every M > 3 and every schedule in the closed cube

=0 < 5 )

all step sizes are strictly positive, and the fized function f°:R? — R of Section 2 satisfies

(M) G 191892227 1902719123 G . (M)
W (h) < U+ — = —L— = < J%(h) < W (R, 18
(M) <U+ S ~ 4300000000 ~ 30100000000 g <M (h) < Wy (h) (18)

In particular, the interior of (17) is a nonempty open set of positive schedules. FEvery schedule in

this set satisfies Wl(M)(h) < WQ(M)(h); the difference exceeds 3G /4 = 279736767,/15050000000.

Proof. We first work on the larger cube Hh— B(M)H < ppm. Since py < 1/100, we have

o)

g+ pu < 3/2. Moreover, (2M —3)ppy < G/10 < 1/10. The binomial estimate (}}) < n* therefore

gives ) 0
1
1 IM=3 < —. 1
At n) ™ = TG =39 = 0 (19)

Using Mpyr = G/20 in (11), we obtain

em(pmr) < (20)

0| Q)

The zero tail in A(M), defined in (10), leaves every instance fixed after its third iterate.
Proposition 1 consequently gives

wMGEMy —w® @) <v,  J30M) = L.

Apply Lemma 3 in dimension one and apply its individual-instance form to f°. The error cap
(20) yields the two outside strict inequalities in (18). The middle inequality has margin

(L G) <U+G>_3G_ 279736767 -0
8 8) 4 15050000000 '

Finally, f© is an admissible two-dimensional instance, so Jj3;(h) < WQ(M)(h).

For a schedule satisfying (17), each tail coordinate lies in [par/4, 3par/4], and each of the first
three coordinates lies within pys/4 of the corresponding coordinate of a. Thus the whole cube
lies strictly inside the padded radius-pp; cube used above. All tail steps are positive, and the
first three remain positive because py; < 1/100. This proves the theorem. ]



5 An infinite positive schedule

We now keep the first three steps fixed and append a summable positive tail to obtain one infinite

schedule. First let nonnegative steps t4,...,t) follow the three seed steps, and write
M
Sy = Z k. (21)
k=4

Lemma 5 (A small-tail gap). Suppose 0 <t < 2 and the sum in (21) obeys
G 93245589

Sy < So, Sozﬁzm' (22)
Then the schedule h = (a1, az,as,ta,...,trr) satisfies
W (k) §U<L—%§Jj(4(h) < Wi (). (23)
Proof. For 0 <t < 2, the smoothness inequality gives
flo = tV5@) < f@) ~t (1= 5) IVF@IP < f(o).

Every scalar objective is therefore nonincreasing along the tail, so Wl(M)(h) < Wl(g) (a) <U.

For the fixed function f°, the first three update factors relative to its minimizer are 1,q, 1.
Lemma 2 and ||zg]] < 1 give |ly3]| < g. Each tail update is nonexpansive, hence all later iterates
also remain in the radius-q ball. The total displacement along the tail is bounded by

ot — v < 3t |9 < a5 21
k=4

The segment from y3 to zf\L/[ stays in the same ball, where the gradient norm is at most q.
Integrating along this segment and using (24) gives

G
Jo () > L — ¢*Syr > L-7. (25)
Since L — G/4 =U + 3G/4 > U, this proves the chain (23). O

Define the infinite schedule h*>° by

9 249 123 So
Theorem 6 (A gap at every finite prefix). Fvery step of the schedule (26) is positive. For each
finite prefix h{, with M > 3, the same function f° and the same initial point xo satisfy

M)} 0o G _ oo M) (7 00
Wi (05 < U < L= 7 < Tia(hisar) < W3 (h35). (27)

The difference WQ(M)( ) — Wl(M)( u) exceeds 3G /4 at each prefix.

Proof. The infinite tail has total mass Sy, while every finite tail has mass strictly less than Sg.
Its steps are positive and smaller than two. Lemma 5 applies, and its lower bound in (25) is
strict for every such finite prefix. This proves (27). O



Supplementary verification. The scalar stationary-point enumeration and planar interpo-
lation calculations are checked in supplement/scalar-schedules/verify.py and supple
ment/robust-interpolation/verify_robust_potential_gap.py. The extension checker
supplement/all-horizon-dimension-gaps/verify_all_horizon_gap.py verifies the rational
identities and inequalities in the horizon and tail bounds. The interpolation construction and
stability arguments are proved above and in the companion paper. All paths are relative to the
public collection.
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