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Abstract

We minimize a lower bound for gradient descent obtained by testing predetermined non-
negative schedules on scalar quadratics and on Huber functions whose iterates remain in an
affine region. For N steps, its minimum Ey satisfies N2Ey — C, where 0.304194775980 <
C < 0.304194775981. The constant is specified by a unique root of an equation in complete
elliptic integrals. The optimizing polynomial at each finite horizon is unique and has only
real simple roots. After rescaling, these polynomials converge to an entire function whose
differential equation gives the constant formula. Chebyshev composition yields a finite bound,
which also applies to predetermined real schedules in every dimension.

1 The lower bound and its asymptotic minimum

For a nonnegative schedule h = (hy,...,hy), put
1 N 1
h) = - 1—h)\)? Enx = inf h). 1
By (h) max{20r£)z\1%<1)\i:r[1( A) ,2(1+22ij\ilhi)}v N he[%)r,loo)NBN( ) (1)

The first term is the worst terminal value on the quadratics fy(z) = A\x?/2, starting at zo = 1.
For the second, write S = ), h; and take

1 z2/2, z| <t
t=—5g  fila)= / 5 !
1428 tlz| —t2/2, |xz| >t

Every iterate satisfies z; =1—137,.;h; > 1—15 >, so all updates use the affine part of f;. The
terminal value is t — (S + 1/2)t2 = 1/[2(1 + 29)].

Drori and Teboulle [2, Theorem 3.2] use the quadratic and affine-quadratic tests to obtain
their lower bound for constant steps. Equation (1) uses these tests for variable steps and includes
all quadratic curvatures in [0, 1].

For 0 < ¢ < 1, we use the modulus convention for the complete elliptic integrals:
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Theorem 1.1. The function v has a unique zero qo € (0,1). The equation

K(q)
v(q)

—1+2¢° —v(g)* =0 (3)



has a unique solution q. € (0,qo). With

K(g:) U’
U= ) C=—, 4
() 8 @
one has o
i ’En = > > 1).
am NEn=C By 2 yameracs V2Y 5)
Moreover,

0.58413072912712 < ¢, < 0.58413072912713, 0.304194775980 < C' < 0.304194775981. (6)

To state the gradient-descent consequence, let F,; consist of the convex differentiable functions
on R? with 1-Lipschitz gradient and an attained minimum. For h € RY, define

zj=wj-1 = hiVf(zj-1), 1<j<N,

Wya(h) = sup (flzn) = f(24)),
fEF4, T«Eargmin f
lzo—z« || <1
+ R _ .
VN,d = he[%)l,lc;fo)N Wn.a(h), VNag= hlnglng Wn.a(h). (7)

The schedule is chosen before the objective and the initial point.
Corollary 1.2. For N,d > 1 and ¢ € {+,R},

C c
(N1 1/22 1403~ (N +1/2) +4¢/3’

Via> By > ¢ =0.304194775980.  (8)

Consequently every sequence dy > 1 satisfies liminf y_ oo NQVﬁ’dN >C.

Sections 2-5 prove the exact limit in Theorem 1.1; its finite bound follows from the compo-
sition inequality in Section 3. Section 6 proves convergence of the optimizing polynomials and
Corollary 1.2, and Section 7 verifies (6).

2 The finite optimizing polynomial
Fix N > 1 and write M = 2N + 1. For any odd polynomial P, put

S(P) = —P"(O)f6. [Pl = s |7
Thus P(z) = x — S(P)x3 4+ O(2%) when P'(0) = 1. The schedule polynomial

Py(z) =z [ - hiz?) 9)

n

Il
—

(2

satisfies S(Pp,) = Y, hq, and its squared norm divided by two is the quadratic term in (1).



Lemma 2.1 (Odd interpolation). Let 0 < z; < --- < zny <1 and define

N
t=Y 272 : —3H A=>"b;

=1 g | zk' =1
Every odd polynomial of degree at most M with P'(0) = 1 satisfies

N
= Z 1)7b;P(z;) <t + A||P||. (10)

The least possible norm of such a polynomial is 1/M, uniquely attained by Cpr/M, where Cpp =
(—=1)NTy; and Tyy is the Chebyshev polynomial.

Proof. The polynomials

N 23 22— 52
Hl—:cQ/z Hj(az):—3H72_ S
j=1 ki G5 Tk

have the interpolation identity P = Ho+3; P(z;) H;. Indeed, both sides have the same derivative
at zero and the same values at the N positive nodes, which determine an odd polynomial of degree
at most 2N + 1. Their values of S are S(Hp) =t and S(H;) = (—1)7b;, proving (10).

For the norm assertion, take the N +1 positive Chebyshev extrema z; = sin((2j+1)7/(2M)),
0 < j < N, including zx = 1. The odd cardinal polynomials

T x? — 23

Lj(z) = - 11 22 xg

kg * k
have derivative weights L’(0) of signs (—=1). Since Cpr(x;) = (—1)7 and C},;(0) = M, interpola-
tion of Ciy gives 3, [L}(0)] = M. Hence 1 = P'(0) < M| P||. Equality forces P(x;) = (- 1)/ /M
at every node, so P = Cj;/M. O

For r > 1/M, define

Iy (r) = max{S(P): P odd, degP < M, P'(0) =1, ||P|| <r}. (11)

For a feasible polynomial P, a contact is a point = € [—1, 1] where |P(z)| = 7.

Lemma 2.2. The function Iy is continuous and strictly increasing, and I'n(1/M) = (M?—1)/6.
For every r > 1/M its mazimizing polynomial is unique and has norm r. It has contacts

P(z) = (_1)j7“7 0<z < <zy=1 (12)

It has N distinct positive zeros, all in (0,1). Its positive critical points are a point a € (0,z1) and
the N — 1 interior contacts; all its critical points are real and simple, and 0 < P(a) < r.

Proof. The feasible set in (11) is compact in a finite-dimensional polynomial space. If the allowed
radius increases, adding a sufficiently small negative multiple of 2% increases S(P) while remain-
ing feasible. Thus I'y is strictly increasing. Compactness gives upper semicontinuity. For left



continuity at > 1/M, mix a maximizing polynomial with C; /M, whose norm is strictly smaller.
Compactness and the uniqueness in Lemma 2.1 also give continuity at 1/M. The expansion

2 _
Chr(z) = sin(M arcsinz) = Ma — MM —1)

z® 4+ O(z”)
gives the stated endpoint value. A maximizer at » > 1/M must have norm r, since otherwise a
small negative cubic perturbation increases its objective.

The positive contact set {x € (0,1] : |P(x)| = r} is finite. Group its points into successive
blocks of equal sign, and let L be the number of blocks. Since P is positive immediately to the
right of zero, counting positive zeros gives L < N if the first contact is negative, and L < N + 1
if it is positive.

Suppose first that the initial contact is positive and L < N. Choose a point {; between each
pair of successive sign blocks. Then

R(@) = —* T[( - 2*/€2)

has degree at most M, cubic coefficient —1, and sign opposite to P at every contact. If instead
the initial contact is negative and L < N — 1, the same construction works after adding one root
between zero and the first contact. For small ¢ > 0, P + €R has norm less than r and larger S.
To justify the norm statement, choose neighborhoods of the finite contact set on which the signs
remain strictly opposed. On their compact complement, |P| has a positive gap from r. Uniformly
small € works on both sets. This contradicts maximality.

The remaining positive-first case, L = N + 1, gives M + 1 alternating contacts on [—1,1] by
odd reflection. Interpolation at the M + 1 extrema of Th; bounds the absolute value of the 2™
coefficient of any polynomial @ of degree at most M by 2" ~1||Q||. Equality holds only for a scalar
multiple of Ty: the coefficient weights alternate in sign, and their absolute values sum to 2M~1
by interpolation of Tjs. Let R be the scalar multiple of T); with the same leading coefficient as
P. The bound gives ||R| < r. If ||R|| < r, the alternating contacts of P would give at least M
zeros of P — R, whose degree is at most M — 1. Thus ||R|| = r, and the equality case makes P a
scalar multiple of 7. Its derivative at zero then forces r = 1/M, a contradiction.

There are consequently exactly N alternating positive contact blocks, starting negative. Select
one contact from each. The identity (10) is an equality at these nodes. Any other maximizer must
have P(z;) = (—1)7r at each selected node to attain equality in every summand. These values
and the derivative at zero determine the polynomial by odd interpolation, proving uniqueness.

There is one positive zero before the first negative contact and one between every pair of
successive contacts. These are N distinct zeros in (0,1). Their negatives and the origin exhaust
degree M. There is a positive critical point before the first contact, and every interior contact is
critical. Since the even polynomial P’ has at most IV distinct positive zeros, the last contact must
be at one. The first critical point and the N — 1 interior contacts, together with their negatives,
exhaust the degree of P’. They are therefore simple, and there are no further contacts or critical
points. The initial positive maximum is strictly below r because the first contact is negative. [

Proposition 2.3. For every N > 1, the infimum Ey is attained by a unique polynomial Pyn of
the form (9). If ry = ||Pn|| and Sy = S(Pn), then

1 1 3 5

The roots and critical points of Py have the structure in Lemma 2.2. Its positive roots determine
a unique optimizing step multiset, all of whose entries exceed one.



Proof. Among odd polynomials of degree at most M with P'(0) = 1, the constraints ||P|| < r
and 14 25(P) > r=? are feasible exactly when

r2—-1
5

At r = 1/M, the left side is (M? — 1)/6, strictly below the right side. At r = 1/2, the polynomial
P(z) = 2 — (3/2)23 has norm 1/2 and 1 + 2S(P) = 4. Continuity and strict monotonicity give a
unique crossing ry € (1/M,1/2].

By Lemma 2.2, the maximizing polynomial at this radius has IV distinct positive roots ¢; €
(0,1). Tt is Py(z) = 2 ;(1 — #2/¢?) and thus corresponds to the positive steps h; = ;2 > 1.
Both terms of its quadratic-Huber bound equal 7"]2\, /2. Conversely, the polynomial of any schedule
with bound By (h) < r2/2 satisfies (14), so 7 > ry. Equality forces S(P) = I'y(ry) and hence
fixes the polynomial. This proves (13) and uniqueness. O

In(r) > (14)

3 Chebyshev composition and existence of the limit

Lemma 3.1. Let P be an odd polynomial of degree M = 2n + 1, with derivative one at zero,
norm r, S(P) =5 >0, and all roots real, simple, and in (—1,1). Then

limsup N?Ey < M2 a { 2 ! } (15)
111 Su — IMaAX Ty, ——————= ¢ .
Vs TN =Ty 25 +1/3

Proof. For odd k > 1, set C}, = (—1)*~D/2T}, and Q(z) = P(Cy(z))/k. Then
Q) =1, |Qll=r/k  S(@Q) =k(S+1/6)-1/6. (16)

Every root of P has k distinct preimages in (—1, 1) under Cy. None is a critical value of C}, whose
interior critical values are +1. Thus @ has only real simple roots in the interval and represents a
positive schedule of length (kM — 1)/2. Its quadratic-Huber bound is

r2 1
max{QkQ, 2[k2(2S +1/3) +2/3] } .

For an arbitrary large IV, choose the largest odd k with kM < 2N 4+ 1, and append zero steps.
Since k ~ 2N /M, (15) follows. O

Proposition 3.2. The limit C = limy_.oo N2Ey ewists, with 1/8 < C < 3/8. For every fived
n>1,
2n + 1)2 2n + 1)%r2
C<dye2nt D"  Cnt D (17)
8(2S, +1/3)  8(1—2r2/3)

Proof. The norm bound in Lemma 2.1 and the schedule represented by Cy;/M give

3

In particular ry = O(N~!). Apply Lemma 3.1 to the finite optimizer P,. Since 1 + 2S,, = r,2,

the second term of the maximum dominates, and limsup N2Ey < A,, for every n. Moreover
A, [(2n+1)/(2n))?

= — 1.
n?E, 1—2r2/3
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Choosing a subsequence along which n?FE,, tends to its lower limit forces its upper limit to be no
larger. The bounds on C follow from (18).
Taking n = N in (17) gives

8C(1 —2r%/3) < (2N +1)*r%
Rearranging and using Fny = 7“]2\, /2 proves the finite bound in Theorem 1.1:

Ex > 1c = ¢ 0
N=@N+1)2+160/3 (N+1/2)2+4C/3

4 The limiting differential equation

Bogatyrev [1, §1] describes extremal polynomials by algebraic curves determined by the odd—order
zeros of P2 — 1. For the present polynomials, removing the double contact zeros from 73 N PN
leaves an even quartic.

For the optimizer Py, write ay for its first positive critical point, z1,..., zy_1 for its interior
contacts, and vy for its leading coefficient.

Lemma 4.1. There is a monic even quartic Dy(z) = 2* + A%y2? + BY; such that

N-1
X — Py (@) =% (1 = 2*)Dn(2) [ (2 - 25)°, (19)

j=1
(1 —a?)Dy () Py(2)* = M*(a? — a}y)*(r} — Pn(2)?), (20)
BY = M*%aly, Al = By (4Sy — 2a3%). (21)

Proof. The zeros of 1"]2\, — PJ% at 1 are simple, and those at the interior contacts +z; are dou-
ble. Removing these factors leaves a monic even quartic, proving (19) by comparison of leading
coefficients.

The derivative factorization is

N—
P (z) = My (2* — a%) H (2 —z

Canceling in (19) gives (20). The constant and quadratic coefficients in its expansion at zero give

Af

BJfV:MQTJQVajLV, ——GSN—i—l—rN —2aN
By
Equation (13) reduces this to (21). O
Set
UN:MTN, FN(Z):MPN(Z/M), aN:MaN, U= \/80. (22)

Proposition 3.2 gives Uy — U and 1 < U < V3.

Lemma 4.2. The family (Fy) is locally bounded on C. Every locally uniform limit F is odd, real
on R, and satisfies

|F(z +iy)| <UeM,  F'(0)=1,  F"(0)=-3/U> (23)

The sequence (apy) is bounded above and bounded away from zero.



Proof. If P has degree at most M and norm at most r, the function w™P((w + w™1)/2) is
analytic for |w| > 1, including its removable value at infinity, and has boundary modulus at most
r. The maximum principle gives the usual Joukowski bound. For z/M near zero it reads

|MP(z/M)| < Mrexp{M|Imarcsin(z/M)|}.

On every fixed compact set, M|Imarcsin(z/M)| — |Im z| uniformly. This proves local bounded-
ness and the first inequality in (23). Montel’s theorem supplies convergent subsequences. Deriva-
tive convergence and (13) give

Fy(0)=1,  F¥(0)=—6Sy/M?* — —3/U.

List the positive critical points of Py as ¢y, 0 < j < N, with ¢y = an, and put By, =
Mecy ;. Lemma 2.2 gives

N-1

_ 3
H 1—22/61\,] oN ::ZﬁN?jZSSN/MZ_)Tm: o> 0. (24)
J

Since ay is the smallest Sy ;, a% > 1/oy. If some subsequence had ay — oo, the logarithmic
expansion of (24) on each fixed disk would give

log Fi(z) = —onz2 + 0(1), Zﬂjfj <on/ad — 0.
J

It would follow that Fn — [; et dt locally uniformly. On the imaginary axis this limit has
modulus [ e dt, contradicting the bound Ue¥. Thus (ay) is bounded above as well. O

Proposition 4.3. Joint subsequential limits Fy — F' locally uniformly and any — a exist. Fvery
such limit has a > 0 and satisfies

D(2)F'(2)? =
D(z) =

2= a?)! (U = F(2)?), (25)
Y1 2a%(a® - U2+ U%a?, a? > 2U%/3. (26)

—

N

The quartic is positive on R, and

x a2 _ 42
F(z) = Using(z),  o(z) = /0 ~ (i) dt. (27)

Here the real square root is positive. In particular, |F(x)| = U at infinitely many real points.

Proof. Existence follows from Lemma 4.2. Fix any such limit. Equation (24) gives a® > 2U2/3.
The finite coefficients satisfy

M*By =Uxay,  M?A§ =20}y — 2URaky — 2Ux o /M2,
Rescaling (20) in its polynomial form gives
(1= 22/ M?)(2* + M2AN 22+ MABY)Fy(2)? = (2% — o%)2(U% — Fn(2)?).

Taking the locally uniform limit proves (25).



Write s = U? and b = a?. If b > s, the coefficients of D are nonnegative and its constant term
is positive. If b < s, its minimum as a quadratic in 2 > 0 is

b’ {s — (s — b)*} > b*s(1 — 5/9) > 0,

because b > 2s/3 and s < 3. Thus (27) defines a real analytic function on the whole real axis.
Near zero, (25) and F’(0) = 1 give the stated sine representation by differentiating arcsin(F/U).
Real analytic continuation extends it across every critical point and contact. The integrand tends
to —1 at positive infinity; after x = a, the phase decreases strictly to minus infinity. It crosses
infinitely many odd multiples of 7/2, proving the contact assertion. O

5 The elliptic equation for the constant

Lemma 5.1. The quartic D has four simple roots off the real and imaginary aves, and |a® —U?| <
U. The convergent integrals

a2 2
1+ D(t)] dt, (28)

satisfy

n =0, 0 € (2Z + ). (30)
Both square roots in (28)—(29) are positive.
Proof. If D(iy) = 0, equation (25) forces F(iy)? = U2, since —y* — a? # 0. Oddness and reality
make F'(iy) purely imaginary, a contradiction. Hence D(iy) > 0 for all real y. Positivity on both
axes implies that the quadratic in 22 has nonreal conjugate roots. Its discriminant is negative,

which is exactly |a®> — U?| < U, and its four roots are simple. The integrands in (28)-(29) are
O(t2) at infinity. In particular

$(z) = -z +0+0(@@™")  (z— +00).
Write F'(iy) = if(y) for real y. The differential equation gives

(a2 + y2)2

2 2
Diy) (U + f(y)7).

fy)? =

The derivative never vanishes and f’(0) = 1, so it is positive. Integrating with f(0) = 0 yields

. . . v (l2 + t2 -1
Fliy) = Usinho(y). v = [ o dt=y+n+ 0. (31)
0o D(it)

Outside a disk containing the roots of D, take the analytic square root with \/D(z) = 22+0(1)
at infinity. The differential (a? — 22) dz/+/D(z) has an even Laurent expansion (—1+ O(z~2)) dz.
Its residue is zero, so it has a single-valued primitive in that exterior domain. Fix the integration
constant by the real phase. The primitive then has the uniform expansion ®(z) = —z + 6 +



O(z71). The identity theorem extends F' = U sin @, from the positive real ray to the exterior
domain. Therefore

U
N
yll)rgoe F(iy) = 5 (sinf — i cosf).
Equation (31) gives the same limit as iUe"/2. Comparing parts gives sinf = 0 and —cosf =
e > 0, proving (30). O
Lemma 5.2. For 0 <k <1,

/°° dx -
0 Vet +2(1—2k2)z2+1

00 $2
/O [1 - T | = 2R - K (33)

K(k), (32)

For complementary moduli k and q = /1 — k?, Legendre’s relation [3, equation 19.7.1] is
K(k)E(q) + E(k)K(q) — K(k)K(q) =7/2. (34)

Proof. For (32), substitute 2 = tant to obtain the integral of (1—k?sin?(2t))~/2 over 0 < t < /2.
Symmetry gives K (k).

Let b= 1—2k2, Qy(z) = 2* + 2b2% + 1, and 1(b) = [° Qp(z)"/?dx = K (k). Integration by
parts in the left side J(b) of (33) gives

0 22 4 bat
0 Qy(x)

The substitution x + 1/x identifies the integrals with numerators 1 and z*. Together with
I'(b) = — [5° 22Qp(2)~3/?dx, this gives

J(b) =2

J(b) = bI(b) +2(b> — D)I'(b).

Differentiation of (2), with integration by parts, gives

dE_E-K  dK E/1-k)-K

T dk k '
Since dk/db = —1/(4k), the displayed expression for J becomes 2FE (k) — K (k).
Differentiating the left side of (34) using (35) shows it is constant. As k& — 0, K(k), E(k) —
7/2, E(q) — 1, and (E(k) — K(k))K(q) — 0: the first factor is O(k?) and the second is O(1 +
|log k), directly from the integral definitions. The constant is therefore 7 /2. O

(35)

Proof of the constant formula in Theorem 1.1. For the parameters in Proposition 4.3, set
U—-U?+ad?
(=T, @=L g (36)
2U
Lemma 5.1 gives ¢,k € (0,1). Scaling ¢t = ¢z in (28)—(29) and using Lemma 5.2 gives

0=L(2E(k) - (1-1/U)KF)],  n=L{1+1/U)K(q) —2E(q)]. (37)

Thus n = 0 implies v(q) = K(q)/U > 0. In particular U > 1, because E(q) < K(q). Legendre’s

relation reduces the other offset to ’
e

HZK(q)'

(38)
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It is positive. Also

(< UVU+1<2V3 < 3n/2 <3K(q),

where |a? — U?| < U and U < 2 were used. The odd-integer condition in (30) therefore forces
0 =7 and ¢ = K(q). Equations (36) now give

U=K(q)/v(q), a*®=K(qQu(q)=Uv(q)*=U(U —1+2¢),

which is (3).
It remains to verify uniqueness. The function K is strictly increasing, and (35) gives
1-2¢*)E(q) — (1 - ¢*)K
U,(q):( ¢°)E(q) (2 K@ _,
q(1 —q?)
For ¢? < 1/2, use E(q) < K(q); for ¢> > 1/2, both terms in the numerator are negative. Since
v(0) = 7/2 and v(q) — —oo as ¢ — 1, it has a unique zero go. On (0,qp), each of K/v, 2¢%, and

—v? is strictly increasing. Hence

H(q) = K(q)/v(q) — 1+ 2¢* — v(q)?

is strictly increasing. Moreover H(0) = —72/4 and H(q) — +o0o as ¢ — qo. This proves the
unique root assertions. Every subsequential limit constructed above must realize this root, so the
already existing constant in Proposition 3.2 is exactly (4). O

6 Convergence and the gradient-descent lower bound
Theorem 6.1. Let Py be the optimizer in Proposition 2.3, and set

a; = K(g)v(a), U= K(q)/v(g)-
The whole sequence satisfies

(2N +1)ay — ax, (2N +1)Py(2/(2N + 1)) — F.(2) (39)

locally uniformly on C. The limit is entire, obeys |F,(z +iy)| < Uell, and has real values

(o i
F.(z) = Usin (/0 N R e e e dt | . (40)

Proof. From every subsequence, Lemma 4.2 gives a further joint convergent subsequence of the
scaled critical points and polynomials. The proof of Theorem 1.1 fixes its parameters to U, a,. The
real phase then fixes its real values to (40); the identity theorem fixes the entire function. Thus
all convergent subsequences have the same limit, and every subsequence has a further convergent
subsequence. This proves (39) for the whole sequence. O

Lemma 6.2 (Removing negative steps). For every real schedule h, let (hy); = max(h;,0). Then
WN,l(h) Z WN}l(h+).

10



Proof. 1t suffices to replace one negative step —b, b > 0, by zero. Fix a differentiable convex scalar
objective f and a minimizer z,. Write Tsx(z) = x—sf’(x), and let P and S denote the compositions
of the steps preceding and following this occurrence. They are continuous and fix x,. For any
allowed initial point xg, put z = P(xg) and Q = T_; o P. Convexity implies (z — z)f'(2) > 0, so
Q(zo) = z + bf'(2) lies at or beyond z on the ray from z,. Since Q(x.) = z,, the intermediate
value theorem on the segment joining x, and x( supplies u in that segment with Q(u) = z. Thus
|lu — x4| < |zo — 24| and

S(T-p(P(u))) = 5(2) = S(P(x0))-

Every terminal point of the schedule with this step replaced by zero is attained by the original
schedule, for the same function and an allowed initial point. Taking suprema proves the one-step
inequality. Iteration over the negative entries proves the lemma. O

Proof of Corollary 1.2. A scalar function extends to R? by depending only on the first coordinate,
so Wn.q4(h) > Wi 1(h). By Lemma 6.2 and the two tests in (1),

Wna(h) > Wni(h) > Wni(hy) > By(hy) > EN.

Taking the infimum over either schedule domain proves the first inequality in (8). Its last inequal-
ity uses (6) and the fact that C/[(N + 1/2)? + 4C/3] is strictly increasing in C' > 0. O

7 Rational certification

For t = ¢, the complete elliptic integrals have the convergent series

us ; T a;t) 25 —1\?
K(q)zEZajtJ, E(q):2(1—z2]>, ap =1, aj:aj_l(ij ) . (41)

>0 =121

They follow by integrating the binomial series in (2). Since 0 < a; < 1, truncating after degree n
leaves series tails bounded respectively by
tn+1 7571—&—1
—_— —_. (42)
1t Cn+1)(1—1t)

The accompanying program supplement/quadratic-huber/verify.py uses n = 60 and rational
arithmetic. It encloses 7 by alternating partial sums in

m = 16arctan(1/5) — 4 arctan(1/239).
At the rational endpoints

g— = 0.58413072912712, g+ = 0.58413072912713,

equations (41)—(42) enclose K, E,v with a strictly positive lower bound on v. The resulting
rational intervals certify H(q-) < 0 < H(q+). The monotonicity proved above encloses g, between
them. Since K /v is increasing while v > 0, the same intervals give (6). The program compares
both displayed decimal bounds for C' directly as rational numbers.
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